We build in this paper the algebra of q-deformed pseudo-differential operators shown to be an essential step towards setting a q-deformed integrability program. In fact, using the results of this q-deformed algebra, we derive the q-analogues of the generalised KdV hierarchy. We focus in particular the first leading orders of this q-deformed hierarchy namely the q-KdV and qBoussinesq integrable systems. We also present the q-generalisation of the conformal transformations of the currents 2 , ≥ n u n and discuss the primary condition of the fields 2 , ≥ n w n by using the Volterra gauge group transformations for the q-covariant Lax operators. An induced su(n)-Toda(su(2)-Liouville) field theory construction is discussed and other important features are presented.
Introduction
An interesting subject which has recently been studied from different point of views deals with the field of non-linear integrable systems and their various higher and lower spin extensions
The Algebra of q-Deformed Pseudo-Differential Operators
We start in this section from the well-known q-deformed derivation law, ∂ ∂ qz z + = 1 [9] and derive the q-analogue of the Leibnitz rule for both local and nonlocal differential operators. This result, which gives naturally the algebra of q-deformed (pseudo)-differential operators, will provide a way for generating a hierarchy of qdeformed Lax evolution equations.
The ring of q-"analytic" currents
To start let us precise that the deformation parameter q we consider in this study is assumed to be a non-vanishing positive number 1 . Consider then the following q-deformed derivation rule [9] ∂ ∂ z qz = + 1 (2.1)
where the symbol ∂ stands for the q-derivative ) z (
As we already know, "conserved" currents are ingredients that we highly need in the programs of non-linear integrable models and two-dimensional conformal field theory building. As we are interested in the present study to set-up the basic tools towards extending such programs to qanalogue ones, we will try to describe first the ring of arbitrary q-"analytic" fields which we denote by R. Following the analysis developed in [6] , this space describes a tensor algebra of fields of arbitrary conformal spin. This is a completely reducible infinite dimensional SO ( 
The space of q-deformed Lax operators
Let Ξ 
The crucial point was the observation that 2 , these higher first order derivations formulas can be summarised into the following general Leibnitz rule 
3-Generalised q-Deformed KdV hierarchy:
We propose in this section to apply the results found previously to build the q-analogues of the KdV-hierarchy systems. We will consider in particular the first leading orders of this hierarchy namely the KdV and Boussinesq integrable systems.
Let us consider the q-deformed KdV Lax operator 
which gives the n-th evolution equation of the q-deformed KdV -hierarchy with
The index + in Eq(3.3), stands for the local part of the deformed pseudo-differential operator 
where the first leading coefficients a, b, c and d are required to satisfy
Using this requirement, we find explicitly Furthermore, the bracket introduced in Eq(3.2) is nothing but the q-deformed commutator, which 
is the q-deformed Hamiltonian operator associated with the q-Virasoro algebra.
Injecting this expression into Eq(3.11) we can extract a non-linear differential equation giving the evolution of the q-spin two current 2 u , once some easy algebraic manipulations are done. Indeed, identifying the r.h.s. and l.h.s. terms of Eq(3.11), we shall impose some terms of the r.h.s to vanish. We obtain then the following differential equation The same computations hold for the q-deformed Boussinesq equation. For more details concerning the results obtained for this system, we refer to appendix B. Note finally that the deformed KdV hierarchy discussed in this paper is based on the structure of the algebra of qpseudo-differential operators as described previously. Other q-deformation of this hierarchy are also possible, as an example we refer the reader to [13] 
4-Conformal Transformations and q-W Currents:
We start this section by presenting the conformal transformation of the spin two current u z 2 ( ) of the q-KdV hierarchy and give later the general relations for the higher spin conformal currents u z n ( ) , n ≥ 2 . We also discuss the primary condition of the fields w n n , ≥ 2 by using the Volterra gauge group transformations for the q-covariant Lax operators. 
q-generalised conformal transformations
Under such a transformation, we assume that the q-deformed KdV Lax operator Eq(4.1) transforms as [2, 12] : Similarly; the conformal transformation Eq(4.2) implies in this case 11) leading to the following result As suspected for q=1, one can find the standard formulas given by [2, 12] The presence of the anomalous term in Eq(4.14.b) can be removed by a convenient basis choice namely the primary basis which we will discuss later on.
Having given explicitly the conformal transformation of the currents u 2 and u 3 of conformal spin 2 and 3, we now focus to generalise these results to higher conformal spin currents where A is an arbitrary Lorentz scalar function which we will precise.
To determine L n , we need to compute explicitly ∂ n . Starting from Eq(4.4) and using simply algebraic manipulation, we find the following results: Identifying then Eq(4.25) with Eq(4.27) we find: 
Volterra gauge group transformation and q-W-currents:
In the framework to generalise the conformal transformations to the q-deformed case, we found, in addition to new features, the presence of anomalous terms at the level of the conformal current n u u u ... , 4 3 
Eq(3.30).
Our idea is to consider a Volterra gauge group transformation associated to an «orbit» in which no such anomalous terms can appear. We start first by recalling the Volterra gauge group symmetry. This is a symmetry group whose typical elements are given by the Lorentz scalar qpseudo-differential operators [14] [ ] and for a given function f(z), we recall that we have Eq(2.3)
Next, we will apply this Volterra gauge group symmetry to the algebra of q-Lax operators Eq(4.20) via the following relation We also show that the remaining Volterra parameters a j , j ≥ 2 are constrained to satisfy: 
5-Note on the SU(n)-Toda field theory construction
The aim of this section is to set up some crucial ingredients towards building the qdeformed analogue of 2d su(n)-Toda like conformal field theory, using the previous analysis. The starting point consists in exploiting the correspondence which exists between the second Hamiltonian structure of integrable systems and the Virasoro conformal algebra which is the symmetry of 2d Liouville field theory.
Consider then, the integrable q-KdV equation, discussed previously in Section 3 and which we can conveniently take as follows (see Eq(3.15) ): However; the choice of our q-KdV Lax operator in Eq(5.2), shows already the existence of an su(2) symmetry; which can be recovered also from the Liouville action. Indeed; if we redefine the scalar field ϕ to be
we can easily read the su(2) symmetry from the Liouville action. The latter becomes:
upon introducing a parameter λ namely 
6-Conclusion
We tried in this work, to understand the behaviour of 2d non-linear integrable systems in the q-deformed case. For this reason, we started by generalising some well-known results in the theory of formal pseudo-differential operators to the q-deformed case. The obtained results, are applied to build the q-analogues of the generalised integrable q-KdV hierarchies whose first leading orders are the q-KdV and q-Boussinesq systems. We derived the dynamical equations of these deformed integrable hierarchies, leading in fact to the standard ones, once the q-parameter is fixed to be one. We discussed previously, how to transform in the deformed case; the currents u j (z) under a conformal transformation. The results obtained; showed a non trivial behaviour of these currents; which coincides naturally with the standard results upon setting q=1. We discussed also the primary condition of these currents using the Volterra gauge group symmetry.
In the last part of this work, devoted to the Toda field theory construction; we presented the qanalogue of the su(2) Liouville and su(n) Toda conformal field theories. Other algebraic properties are reported in the appendices. 
Appendix D: Variational principle and q-deformed Euler-Lagrange equations
Consider the q-deformed Liouville action which we can write as
where a and b are q-dependent coefficients which can be determined using dimensional arguments and conservation of the induced conserved current. The variational principle applied to the q-Liouville action S reads as
where the lagrangian is given by 
, we obtain the following q-deformed Euler- 
Appendix E: q-deformed commutator and compatibility condition
The use of the q-deformed commutator Eq (3.8) instead of the usual one namely
which is nothing but the q = 1 limit of Eq (3.8) implies a non trivial consideration of the Lax evolution equation Eq(3.2) in terms of the two compatibility equations.
To be more precise let us recall how these equations give rise to the standard evolution Lax equation ( where the q-deformed commutator is defined as in Eq(3.8 An important remark at this level is that if the compatibility equations exist they must be highly non-linear with a dependence in q as they should take into account the presence of the non-linear extra terms in the q-deformed commutators (E.6) . The possibility to write the two compatibility linear equations can emerge naturally as a 1 = q limit of the previous equations.
